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Abstract—In elastic optical networks (EONs), bandwidth frag-
mentation refers to the existence of non-aligned, isolated and
small-sized blocks of contiguous subcarrier slots in the optical
spectrum. As they are neither contiguous in the spectrum domain
nor aligned along the routing paths, the network operator will
have difficulty to use these slots for future connections. In this
work, we analyze the effect of bandwidth fragmentation on the
blocking probability in EONs. Our theoretical analysis indicates
that two factors related to bandwidth fragmentation have effects
on the blocking probability: 1) the extent that the available slot-
blocks (i.e., blocks of contiguous slots) on different links are
aligned on spectrum locations, and 2) the sizes of the available
slot-blocks in links’ spectra for future requests. When an EON’s
spectrum becomes more fragmented, the first factor actually re-
duces the blocking probability, while the second one increases the
blocking probability. Their mixed effect determines the overall
trend of how the blocking probability will change with bandwidth
fragmentation. Our theoretical model can forecast this trend and
reveal the relation among the blocking probability, bandwidth
fragmentation, request bandwidth distribution, and spectrum
utilization. We have also conducted numerical simulations to
verify the theoretical analysis, and the simulation results exhibit
similar trends as predicted by the theoretical model.

Index Terms—Elastic optical networks, bandwidth fragmenta-
tion, blocking probability.

I. INTRODUCTION

NOWADAYS, bandwidth-hungry applications, such as
video-on-demand and teleconferencing, have pushed the

Internet traffic to grow exponentially and stimulated intensive
research on highly scalable and flexible networking technolo-
gies. It is known that optical fibers have plenty of bandwidth
and therefore play a vital role in the Internet infrastructure. In
order to facilitate efficient and agile access to the voluminous
bandwidth of optical fibers, researchers have developed tech-
nologies such as wavelength-division multiplexing (WDM),
optical code-division multiple access (OCDMA), and optical
orthogonal frequency-division multiplexing (O-OFDM).

The O-OFDM technology [1] can pack overlapped subcar-
rier slots in the optical spectrum for high bandwidth efficiency.
As a bandwidth-variable O-OFDM transponder can utilize an
appropriate number of contiguous subcarrier slots to serve
a connection request with the just-enough bandwidth [2],
sub-wavelength switching granularity can be achieved in the
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optical layer to enable the elastic optical networks (EONs).
The flexible nature of EONs imposes sophisticated network
planning and provisioning procedures for high-performance
operations. To this end, researchers have developed a few rout-
ing and spectrum assignment (RSA) algorithms for bandwidth
resource allocation [2]–[6]. Since these algorithms manipulate
subcarrier slots with bandwidths at a few GHz for RSA,
dynamically setting up and tearing down connections can lead
to bandwidth fragmentation [7].

Bandwidth fragmentation usually refers to the existence of
non-aligned, isolated and small-sized blocks of contiguous
subcarrier slots in the spectrum of EONs. As they are neither
contiguous in the spectrum domain nor aligned along the
routing paths, the network operator will have difficulty to use
these slots for future connections. Therefore, people tended to
assume that the blocking probability of future requests should
increase monotonically with the extent of bandwidth frag-
mentation [7], [8]. Based on this assumption, previous works
have tried to quantify the extent of bandwidth fragmentation
with various fragmentation ratios [9], [10] and developed
defragmentation methods to reduce the fragmentation ratio
to the maximum extent possible [8], [10]–[12]. However, the
theoretical analysis on the effect of bandwidth fragmentation
on requests’ blocking probability is still under-explored. With-
out solid theoretical validation, the assumption that in EONs,
a smaller fragmentation ratio can lead to a lower blocking
probability for future connection requests, is still questionable.

In this paper, we perform theoretical analysis on the effect
of bandwidth fragmentation on the blocking probability in
EONs. Using a commonly-used definition of the fragmentation
ratio for EONs [10], [13], we show that a smaller fragmen-
tation ratio may not lead to a lower blocking probability in
EONs, especially for small-bandwidth requests, whose block-
ing probability may actually decrease with the fragmentation
ratio. Moreover, our theoretical model reveals the relation
among blocking probability, bandwidth fragmentation, request
bandwidth distribution, and spectrum utilization, and offers
a novel way to forecast how the blocking probability will
change with the fragmentation ratio. In order to verify the
theoretical analysis, we conduct numerical simulations using
the NSFNET topology and various combinations of request
bandwidth distribution and spectrum utilization. The results
exhibit similar trends as predicted by the theoretical model.

The rest of the paper is organized as follows. Section II
describes the theoretical analysis on the effect of bandwidth
fragmentation on the blocking probability. Numerical sim-
ulations are discussed in Section III, where we verify the
theoretical analysis with practical network scenarios. Finally,
Section IV summarizes the paper.
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II. THEORETICAL ANALYSIS

In this section, we develop a theoretical model to investigate
the impact of bandwidth fragmentation on requests’ blocking
probability in EONs. This model is a simplified description of
EON operations, and it may not be able to mimic the realistic
operations perfectly. However, it can reveal the nature of the
relation among blocking probability, bandwidth fragmentation,
request bandwidth distribution, and spectrum utilization.

We assume that in an EON, the bandwidth of each subcar-
rier slot is unique and each fiber link can accommodate K
subcarrier slots at most. The link utilization of a fiber link e
is modeled with a bit-mask be consisting of K bits. When the
j-th slot on e is taken, be[j] = 1; otherwise, be[j] = 0.

Definition Let e be a link in an EON, which can accommo-
date K slots. The link utilization of e is defined as

ζe =
sum(be)

K
, (II.1)

where sum(·) is the function to add all bits in a bit-mask
together.

Definition A slot-block (SB) is a block of one or more
contiguous subcarrier slots in the optical spectrum.

As bandwidth fragmentation in EONs is similar to file
system fragmentation in computer storage, we borrow the
corresponding definition of the fragmentation ratio [13].

Definition Let e be a link in an EON. The bandwidth frag-
mentation ratio of e is defined as

ηe = 1− 1

ne
, (II.2)

where ne is the number of available SBs on e.

Note that there are other ways to define the bandwidth
fragmentation ratio [9], [10]. Even though they may yield
different values (as compared to Eq. (II.2)), their basic prin-
ciples of quantifying bandwidth fragmentation are similar.
Therefore, except for the fragmentation ratio values, there
will be no significant difference on the overall trend of the
fragmentation’s impact on the blocking probability. To this
end, we choose the definition in Eq. (II.2) because it is
relatively simple and eases the theoretical derivations in this
section.

A. Case A

• Two links.
• ζe = 0.5.
• Pending request is for 1 slot.
We start the theoretical analysis with a simple network with

only two links. We have a pending request for one slot, which
needs to use both links. For simplicity, we assume K is an
even number, which is the common case in EONs [3]. Let us
assume that the link utilizations of both links are identical as
ζe = 0.5, e ∈ {e1, e2}, and the numbers of available SBs for
them are also the same as ne. Then, there are K · ζe = K

2
available slots for each link. Fig. 1 illustrates the network
status for this case. Here, a red slot means that the slot has
already been occupied and is not available, while a white

Fig. 1. Network status of an EON that has two links.

slot corresponds to an available slot for pending requests.
According to Definition II.2, n1 = n2 = 3, η1 = η2 = 2

3 .
For certain link utilization and fragmentation ratio, the

available SBs can be distributed for a link in a few feasible
ways. We assume that on both links, the available SBs are
randomly distributed. When the arrangements of the available
SBs for the two links are determined, we can tell whether the
pending request for one slot can be served or not. The total
number of arrangements is a function of the total number of
slots K and the numbers of available SBs for links ne, when
ζe is fixed, denoted as

Mt = ft(K,ne). (II.3)

The number of cases that the pending request would be
blocked is also a function of K and ne, denoted as

Mb = fb(K,ne). (II.4)

Therefore, the blocking probability can be calculated as

pb =
Mb

Mt
=

fb(K,ne)

ft(K,ne)
. (II.5)

In order to obtain ft(K,ne), we take the following proce-
dure. For a given link, under the assumption that there are
ne SBs in it, we can first simplify the problem by ignoring
the actual sizes of the SBs (i.e., the numbers of slots). Then,
we use ne − 1 unavailable slots to isolate ne available SBs
out. For the rest of the K

2 − (ne − 1) unavailable slots, we
organize them into ne+1 groups. This is because that in order
to maintain the number of available SBs as ne, we have ne+1
potential locations to insert the unavailable slots in, i.e., ne−1
locations in between the available SBs and two at the ends.
To figure out how many arrangements we can have for these
unavailable slots, we introduce the following theorem,

Theorem 2.1: The number of solutions for the equation,

x1 + · · ·+ xj + · · ·+ xJ = N, xj ∈ Z, xj ≥ 0

is:

(
N + J − 1

J − 1

)
[14].

In light of Theorem 2.1, if we assume that xi represents
the number of unavailable slots that will be inserted at a
certain location between two adjacent available SBs, then with
N = K

2 − (ne − 1) and J = ne + 1, we get the number

of arrangements for the unavailable slots as

(
K
2 + 1
ne

)
,

upon which the sizes of the unavailable SBs are determined.
Next, we determine the sizes of the available SBs. For the
K
2 available slots, we organize them into ne groups. In order
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Fig. 2. Procedures of formulating ft for the case with ζe = 0.5.

Fig. 3. Procedures of formulating fb for the case with ζe = 0.5.

to maintain the number of available SBs as ne, we have ne

potential locations to insert the available slots. To figure out
how many arrangements we can have for these available slots,
we introduce the next theorem.

Theorem 2.2: The number of solutions for the equation,

x1 + · · ·+ xj + · · ·+ xJ = N, xj ∈ Z, xj ≥ 1

is:

(
N − 1
J − 1

)
[14].

Using Theorem 2.2 with N = K
2 and J =

ne, we get the number of arrangements for the avail-

able slots as

(
K
2 − 1
ne − 1

)
. Hence, for a link, we have(

K
2 + 1
ne

)(
K
2 − 1
ne − 1

)
arrangements, and ft(K,ne) can be

formulated as

ft(K,ne) =

[(
K
2 + 1
ne

)(
K
2 − 1
ne − 1

)]2
. (II.6)

Fig. 2 illustrates an example of the above procedures.
Next, we consider the formulation of fb(K,ne). As the

pending request is for one slot, it would be blocked if the
utilizations of the two links are arranged in such a way that
when a slot on one link is available, the corresponding one on
the other link is unavailable. Therefore, for all arrangements
that lead to blocking, the numbers of available and unavailable
SBs have to be the same on both links. There are two scenarios
for the SBs after ignoring their sizes. For each scenario (as

shown in Fig. 3), we get

(
K
2 − 1
ne − 1

)2

arrangements for the

slots by following the same procedures discussed above using

Fig. 4. Blocking probability versus fragmentation ratio for 2 links,
ζe = 0.5 and a pending request for α = 1 slot.

Theorems 2.1 and 2.2. Hence, fb(K,ne) can be formulated as

fb(K,ne) = 2

(
K
2 − 1
ne − 1

)2

. (II.7)

By combining Eqs. (II.6) and (II.7), we get,

pb =
fb(K,ne)

ft(K,ne)
=

2(
K
2 + 1
ne

)2 . (II.8)

Using Eqs. (II.2) and (II.8), we set K = 100 and plot the
theoretical results on the blocking probability pb in Fig. 4.
Surprisingly, pb does not increase monotonically with ηe as
assumed in most of the previous works on defragmentation in
EONs [8], [10]–[12]. On the contrary, pb actually decreases
with ηe monotonically until ηe = 0.96 (i.e. ne = 25) and
then increases with ηe. This phenomenon can be explained
as follows. As the bandwidth of the pending request is the
smallest, when the bandwidth utilizations on the links become
more fragmented, the probability of having at least one aligned
slot on the two links becomes larger initially. When the
bandwidth is too fragmented (ηe → 1), the probability starts
to decrease because the sizes of available SBs on the links
approach the bandwidth of the pending request.

The above analysis suggests that in EONs, the blocking
probability is related to link utilization, bandwidth fragmen-
tation and distribution of requests’ bandwidths. We shall next
investigate more complicated cases to verify this proposition.

B. Case B

• Two links.
• ζe > 0.5.
• Pending request is for 1 slot.
In this subsection, we investigate the case with ζe > 0.5.

For this case, the formulation procedure of ft(K,ne) is still
valid. Since we have Kζe unavailable slots and K(1 − ζe)
available slots, the formulation needs to be modified as,

ft(K,ne) =

[(
Kζe + 1

ne

)(
K(1− ζe)− 1

ne − 1

)]2
. (II.9)
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Fig. 5. Procedures of formulating fb for the case with ζe > 0.5.

Since we have ζe > 0.5, the argument that for all arrangements
that lead to blocking, the numbers of available and unavailable
SBs have to be the same on both links, is not valid anymore.
Therefore, we need to adopt a new formulation for fb(K,ne).
In order to find all arrangements that result in request blocking,
we define a color-coding scheme as illustrated in Fig. 5. We
merge the slot arrangements on the two links to obtain the
arrangement along the path. As the pending request for 1 slot
will be blocked, there are three slot arrangement scenarios on
the two links: 1) a slot on e1 is available but its corresponding
one is not available on e2, for which we color the slot on
the path as green (G); 2) a slot on e1 is unavailable but its
corresponding one is available on e2, for which we color
the slot on the path as blue (B); 3) both slots on e1 and
e2 are unavailable, for which we color the slot on the path
as yellow (Y). Therefore, fb(K,ne) equals to the number of
arrangements for the G-, B- and Y-slots along the path.

We still assume that the fragmentation ratios of the two
links are the same. After ignoring the sizes of the SBs, we
reduce the SB arrangement to a sequence, for example,

Sequence1 : G B G B G Y G B Y B Y B G

We start the analysis by considering G- and B-SBs and
removing Y-SBs temporarily, and Sequence1 changes to:

Sequence2 : G B G B G G B B B G

Note that each “G” or “B” in Sequence2 corresponds to an
SB. Since the number of available SBs on each link is ne, the
numbers of Gs and Bs in Sequence2 are ne. To simplify the
analysis, we continue to merge adjacent Gs and Bs to form
super-SBs, and Sequence2 further reduces to:

Sequence3 : G B G B G B G

Assume that the numbers of G- and B-super-SBs in Sequence3
are l and s, respectively. Obviously, we have:

|l − s| ≤ 1 1 ≤ l ≤ ne, 1 ≤ s ≤ ne. (II.10)

For Sequence3, we define that a G-super-SB has xj SBs, and
a B-super-SB has yj SBs. Then, we have:

x1 + · · ·+ xj + · · ·+ xl = ne, xj ∈ Z, xj ≥ 1 (II.11)

y1 + · · ·+ yj + · · ·+ ys = ne, yj ∈ Z, yj ≥ 1 (II.12)

The number of solutions for Eqs. (II.11) and (II.12) corre-
sponds to the numbers of arrangements for G- and B-SBs in

Sequence2, respectively. They are, according to Theorem 2.2,(
ne − 1
l − 1

)
and

(
ne − 1
s− 1

)
, respectively.

We then insert Y-slots into Sequence2 to recover Sequence1.
The number of Y-slots can be calculated according to ζe and
K , as (2ζe−1)K . Since we have 2ne SBs in Sequence2, there
are 2ne + 1 intervals for Y-slots. We assume that in the j-th
interval, we can insert a Y-SB with zj slots.

Lemma 2.1: The number of arrangements for inserting Y-
SBs into Sequence2 equals to the number of solutions for the
equation:

z1 + · · ·+ zj + · · ·+ z2ne+1 = (2ζe − 1)K
−(2ne − s− l), zj ∈ Z, zj ≥ 0.

(II.13)

Proof: The problem of inserting Y-SBs into Sequence2
can be first modeled by the following equation:

z1 + · · ·+ zj + · · ·+ z2ne+1 = (2ζe − 1)K, zj ∈ Z. (II.14)

According to the procedure for obtaining Sequence2 from
Sequence1, we know that there is at least one Y-slot in between
two adjacent G-SBs or B-SBs in Sequence2. Therefore, we can
decompose Eq. (II.14) into an equation array,⎧⎪⎪⎪⎨
⎪⎪⎪⎩

z
(1)
1 + · · ·+ z

(1)
j + · · ·+ z

(1)
J1

= N1, z
(1)
j ∈ Z, z

(1)
j ≥ 1

z
(2)
1 + · · ·+ z

(2)
j + · · ·+ z

(2)
J2

= N2, z
(2)
j ∈ Z, z

(2)
j ≥ 0

J1 + J2 = 2ne + 1
N1 +N2 = (2ζe − 1)K

,

(II.15)
where z

(1)
j represents an interval between two G-SBs or two

B-SBs, and z
(2)
j represents an interval between a G-SB and

a B-SB. After subtracting 1 from each z
(1)
j and recombining

the equation array, we have

z1+· · ·+zj+· · ·+z2ne+1 = (2ζe−1)K−J1, zj ∈ Z, zj ≥ 0.

Combining Eqs. (II.11) and (II.12), we have J1 = 2ne−s− l.
Hence, Eq. (II.14) is eventually transformed to

z1 + · · ·+ zj + · · ·+ z2ne+1 = (2ζe − 1)K
−(2ne − s− l), zj ∈ Z, zj ≥ 0.

We have thus proved Lemma 2.1.
According to Theorem 2.1, the number of solutions for Eq.

(II.13) is

(
(2ζe − 1)K + s+ l

2ne

)
. We get the number of

arrangements for G-, B- and Y-SBs as

γ(ne) =

ne∑
l=1

∑
|l − s| ≤ 1
1 ≤ s ≤ ne

(
ne − 1
l − 1

)(
ne − 1
s− 1

)(
m
2ne

)

=2

[
ne∑
l=1

(
ne − 1

l − 1

)2(
m+ l− s

2ne

)

+

ne−1∑
l=1

(
ne − 1

l − 1

)(
ne − 1

l

)(
m+ l − s+ 1

2ne

)]
.

(II.16)

Here, m = (2ζe− 1)K+ s+ l. Then, by using the procedures
in the previous subsection, we determine the SBs’ sizes as

fb(K,ne) = γ(ne)

(
K(1− ζe)− 1

ne − 1

)2

. (II.17)
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Fig. 6. Blocking probability versus fragmentation ratio for 2 links,
K = 100, ζe > 0.5 and a pending request for α = 1 slot.

Finally, by combining Eqs. (II.9) and (II.17), we get the
blocking probability for this case as,

pb =
fb(K,ne)

ft(K,ne)
=

γ(ne)(
Kζe + 1

ne

)2 . (II.18)

Using Eqs. (II.2) and (II.18), we set K = 100, ζe = 0.7 and
0.9 and plot the blocking probability pb versus fragmentation
ratio ηe in Fig. 6. In order to verify Eq. (II.18), we also perform
Monte Carlo simulations to obtain numerical results on the
blocking probability and plot them in Fig. 6. Specifically, we
consider a pair of link SB distributions as one case, generate
1,000,000 cases randomly, and obtain the blocking probability
by counting the cases in which no common available slots
are found on the two links. To maintain sufficient statistical
confidence, we only use the simulations to validate pb that is
≥ 10−4. As shown in Fig. 6, the theoretical results match well
with the numerical ones from the Monte Carlo simulations,
with a maximum deviation of 9.21%.

Similar to in Case A, pb has a trend to first decrease
with ηe monotonically and then increases with ηe. When ζe
is getting larger, which means that more slots in the links
are unavailable, the blocking probability pb gets higher, and
the curves end at a smaller value of ηe. For instance, when
ζe = 0.9, there are only K ·(1−ζe) = 10 slots available. So the
maximum number of available SBs is 10, and the maximum
of ηe is 1− 1

10 = 0.9, at which point the curve would end.

C. Case C

• Two links.
• ζe > 0.5.
• Pending request is for multiple slots.
When the pending requests are for multiple slots, the

available SBs on the two links do not have to stagger each
other completely to result in request blocking. As long as all
available SBs on the path are smaller than what the pending
request needs, a blocking would happen. To begin with, we
define two parameters for a fixed link utilization ζe.

Fig. 7. Blocking probability versus fragmentation ratio for 2 links,
K = 50, ζe = 0.6 and a pending request for α ≥ 1 slots.

Definition Let the bandwidth fragmentation ratio on each link
be ηe. The probability that a pending request for α slots would
be blocked is pb(ηe, α).

Definition Let the bandwidth fragmentation ratio on each link
be ηe. The probability that a pending request for α slots
would be blocked, but a request for α− 1 slots can be served
successfully is qb(ηe, α).

Based on these two definitions, we have:

pb(ηe, 1) = qb(ηe, 1)

pb(ηe, 2) = qb(ηe, 1) + qb(ηe, 2)

...

pb(ηe, r) =

r∑
α=1

qb(ηe, α).

Obviously,
qb(ηe, α) ≥ 0, ∀α ≥ 1, (II.19)

which leads to this inequality:

pb(ηe, 1) ≤ · · · < pb(ηe, r) ≤ · · · ≤ pb(ηe, R+ 1) = 1,
(II.20)

where R is the total number of available slots on the path.
When a pending request’s size equals to R, it can be served
if and only if ηe = 0, i.e., there is only one available SB on
the path and its size is R. Hence, the curve of pb(ηe, R) is
a step function. With this trend, if we continue to decrease
the pending request’s size, the curve of pb(ηe, α) should first
increase monotonically, and then start to have the “decreasing-
then-increasing” trend as we plot for pb(ηe, 1) in previous
subsections. This phenomenon can be explained as follows:

Two factors related to ηe have effects on pb: 1) the extent
that the available SBs on different links are aligned, and 2)
the sizes of the available SBs. The increase of ηe makes the
available SBs on a link spread more evenly in the spectrum,
and hence the probability of SB-alignments between the
links gets larger, which can decrease the blocking probability.
However, on the other hand, the increase of ηe also makes
the sizes of the available SBs on a link smaller, which can
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increase the blocking probability. Therefore, the first factor
mainly causes the pb(ηe, α) curve to decrease monotonically,
while the second factor mainly leads to an increasing trend.
Their mixed effect determines the overall trend of pb(ηe, α).

This analysis can be verified with the two extreme cases
discussed above. When the size of the pending request is the
smallest as α = 1, the first factor plays the major role as
one aligned slot is good enough. Therefore, pb(ηe, 1) almost
decreases monotonically for all ηe. However, for pb(ηe, R),
the second factor plays the major role, because even though
the available SBs are aligned, if their sizes are not big enough,
the request will still be blocked. Therefore, pb(ηe, R) is a step
function. For the cases that 1 < r < R, when ηe is small and
most of the available SBs are larger than r, the pb(ηe, r) curve
is mainly affected by the first factor and tends to decrease with
ηe, but when the increase of ηe makes most of the available
SBs become smaller than r, the second factor dominates and
makes the curve increase with ηe. The larger the r is, the
smaller the “turning point” is for ηe.

As the analytical formulation of pb(ηe, α) for α ∈ (1, R)
is too complicated to be obtained, we use the Monte Carlo
simulation discussed in the previous subsection to obtain
pb. The parameters are K = 50, ζe = 0.6 and α = 2
and 3. Similarly, we generate 1,000,000 cases randomly and
record the blocking cases that the pending request cannot be
accommodated. The numerical results for α = 2 and 3 are
plotted in Fig. 7. We also plot the theoretical results for α = 1
and 20 (R = K · (1− ζe) = 20) in Fig. 7. The curves in Fig.
7 confirm the discussion above.

D. Case D

• More than two links.
• ζe > 0.5.
• Pending request is for multiple slots.
In a real EON, a request may take more than two links.

In this subsection, we aim to generalize the analysis for the
two-link cases. We define two new parameters for a fixed link
utilization ζe.

Definition The probability that there is an available SB with
α slots located from the j-th slot on a link is Aj(ηe, α).

Definition Let ηe be the fragmentation ratio of the links.
The probability that a pending request for α slots can be
successfully served over h links is ps(ηe, h, α).

With the definitions above and the assumption that the SB
distributions on the various links are independent, we have

ps(ηe, 1, α) =
K−α+1∑

j=1

Aj(ηe, α)

K − α+ 1
,

ps(ηe, 2, α) =

K−α+1∑
j=1

A2
j (ηe, α)

K − α+ 1
,

...

ps(ηe, h, α) =
K−α+1∑

j=1

Ah
j (ηe, α)

K − α+ 1
.

Note that for real EON operations, the SB distributions on
different links might be correlated, since a request can take
two or more links and the corresponding spectrum utilizations
on those links should be the same. Nevertheless, as we may
also use different routing paths for a source-destination pair
in real EON operations, the correlation of SB distributions on
different links would not be very strong, especially when the
requests can be set up and torn-down dynamically.

We have already analyzed the trend of 1−ps(ηe, 2, α). Here,
we will prove that 1− ps(ηe, h, α) follows a similar trend for
h > 2. We first take an approximation:

Aj1 (ηe, α) ≈ Aj2 (ηe, α), ∀j1, j2 ∈ [3,K − α− 1], (II.21)

which means that the difference between two Aj(ηe, α) is
negligible when their locations are not at the spectrum edges.
This approximation is valid because the spectrum of a fiber
link can usually accommodate a lot of slots [3] and α � K is
usually the case for pending requests, thus making the location
of an SB insignificant. Table I shows the numerical results on
Aj(ηe, 1) with K = 50, ζe = 0.6 and ηe = 0.875. We observe
that except for j = 1, 2, 49, and 50, the values of Aj(ηe, 1)
are very close with less than 13% deviations. Therefore, we
can take one step forward to approximate ps(ηe, h, α) as:

ps(ηe, h, α) =
K−α+1∑

j=1

Ah
j (ηe, α)

K − α+ 1
≈ Ah

j0(ηe, α), (II.22)

where Aj0(ηe, α) = max(Aj(ηe, α)), ∀j ∈ [1,K − α+ 1].
Obviously, Aj0 (ηe, α) ∈ [0, 1], and Aj0 (ηe, α)

h, h ≥ 2 has
a monotonically increasing trend in [0, 1]. With this fact and
Eq. (II.22), we can prove that the trend of 1−ps(ηe, h, α), h >
2 follows a similar trend as that of 1 − ps(ηe, 2, α). More
specifically, the effect of the bandwidth fragmentation ratio
ηe on the blocking probability pb can be generalized from
the two-link cases to all cases, i.e., the two factors related
to ηe can cause the pb(ηe, α) curve to decrease or increase
with ηe, and their mixed effect determines the overall trend of
pb(ηe, α). In the next section, we will verify this finding with
numerical simulations using a more generic network scenario.

III. NUMERICAL SIMULATIONS

In this section, we perform numerical simulations with
the 14-node NSFNET topology in [15] to validate the the-
oretical analysis in the previous section. In the network,
we define the network spectrum utilization ζ and network
fragmentation ratio η as the average values of ζe and ηe,
i.e., ζ = mean(ζe), η = mean(ηe). We assume that the
bandwidth of a slot is 12.5 GHz, which is a typical value
in EONs [3], [5]. If the network is deployed in the C-Band,
each fiber link has ∼5 THz bandwidth to allocate, which
corresponds to 400 subcarrier slots.

We first design numerical simulations to reveal the relation
between fragmentation and blocking probability for different
link utilizations and request sizes. The simulations generate
the network status with certain fragmentation and utilization
by controlling the SB distribution on each link artificially.
More specifically, we first generate a network status with fixed
spectrum utilization ζ and fragmentation ratio η. The network
status is obtained by controlling the sizes of available SBs.
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TABLE I
RESULTS ON Aj(ηe, 1) WITH K = 50 AND ηe = 0.875

j 1 2 3 4 5 6 7 8 9 10
Aj(ηe, α) 0.2483 0.3573 0.3956 0.3852 0.3991 0.4072 0.4165 0.4130 0.4026 0.4107

j 11 12 13 14 15 16 17 18 19 20
Aj(ηe, α) 0.3968 0.3852 0.4060 0.4142 0.3944 0.4234 0.4188 0.4200 0.4049 0.4072

j 21 22 23 24 25 26 27 28 29 30
Aj(ηe, α) 0.3898 0.3805 0.4130 0.4292 0.4118 0.4142 0.4153 0.3921 0.4049 0.4095

j 31 32 33 34 35 36 37 38 39 40
Aj(ηe, α) 0.4165 0.4095 0.4582 0.4316 0.4142 0.4026 0.3956 0.3933 0.4292 0.4281

j 41 42 43 44 45 46 47 48 49 50
Aj(ηe, α) 0.4266 0.4188 0.3794 0.3724 0.4037 0.4142 0.4258 0.4049 0.3434 0.2796

We make the sizes of the available SBs follow the normal
distribution with mean and variance determined by ζ and η.
Then, these available SBs are inserted into the links’ spectra
randomly. Using this scenario, we can emulate the spectrum
utilization in an EON with certain ζ and η. In the next
phase, we generate 1,000,000 pending requests, whose source-
destination node pairs are randomly chosen. The requests’
bandwidths (i.e., α) are randomly distributed within [1, 6] and
[20, 40] slots. Finally, we conduct 1,000,000 independent tests
to evaluate the blocking performance. In each test, we try to
serve one pending request in the network with the generated
status, using the shortest-path routing and first-fit spectrum
assignment [2]. If the request cannot be accommodated in
the generated status, it is marked as blocked. Note that, in
addition to the requests’ blocking probability pb, we also ob-
tain the bandwidth blocking probability (BBP), pBb, because
the requests can have different bandwidth requirements. Here,
BBP is defined as the ratio of the blocked bandwidth to the
total requested bandwidth.

Figs. 8-11 illustrate the simulation results, and respective
curves are obtained by curve fitting using the expression of
y = c0·exp(c1·x), where c0 and c1 are the fitting constants. As
expected, we observe that all three parameters, i.e., network
fragmentation ratio η, network spectrum utilization ζ and
request bandwidth α, can impact pb and pBb. In Fig. 8, pb
decreases with the increase of η because the factor of “the
extent that the available SBs on different links are aligned”
dominates, while the factor of “the sizes of the available SBs”
is not that effective in serving small-bandwidth requests in
a relatively empty network. The effect of “the sizes of the
available SBs” on pb can be verified with the simulation
scenario shown in Fig. 9, where we purposely make the range
of α as 20−40 slots. In Fig. 9, since the factor of “the sizes
of the available SBs” is much more pronounced for large-
bandwidth requests, we observe that pb increases with the
increase of η even through ζ is lower as compared to the
scenarios in Fig. 8. The simulation results for pBb in Figs.
10-11 show the same trends as those of pb in Figs. 8-9. It is
also interesting to notice that in Figs. 8-11, the results on pb
and pBb have a relatively large dispersion. Note that with fixed
values of η and ζ, we can obtain numerous network statuses
in the simulations, due to the complexity of SB distributions.
Therefore, even though two points on the figures are close in
terms of η, the corresponding network statuses can be quite
different, thus incurring certain variations in pb and pBb.

The simulation scenario discussed above can reveal the

Fig. 8. Requests’ blocking probability versus fragmentation ratio for
requests for α ∈ [1, 6] slots.

Fig. 9. Requests’ blocking probability versus fragmentation ratio for
requests for α ∈ [20, 40] slots.

relation between fragmentation and blocking probability for
different link utilizations and request sizes. However, it is
rare that all links of an EON have similar fragmentation
and utilization. In order to investigate the relation between
fragmentation and blocking probability in a realistic network
environment, we design another simulation scenario, in which
the network status of NSFNET is generated by inserting
dynamic requests with 1−6 slots using shortest path routing
and first-fit spectrum assignment. The dynamic requests are
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Fig. 10. Requests’ bandwidth blocking probability versus fragmen-
tation ratio for requests for α ∈ [1, 6] slots.

Fig. 11. Requests’ bandwidth blocking probability versus fragmen-
tation ratio for requests for α ∈ [20, 40] slots.

generated with the Poisson traffic model. Then, we perform
numerous simulations by changing the traffic load, collect the
results on average utilization, average fragmentation ratio, and
BBP (i.e., {ζ, η, pBb}), and obtain Fig. 12. The numbers on
the contours in Fig. 12, obtained by interpolating the original
simulation results, are BBP. It can be seen that when we fix
ζ at 0.25, pBb decreases with the increase of η. However, if
we increase ζ to 0.3, the “decreasing-then-increasing” trend
of pBb with the increase of η can be observed.

The simulation results in Figs. 8-9 illustrate that the EON’s
request blocking probability pb can decrease with the increase
of fragmentation ratio η for small-bandwidth requests, i.e.
α ∈ [1, 6] or the bandwidth requirement is 12.5−75 Gb/s
if we assume that one slot can carry 12.5 Gb/s with BPSK.
Meanwhile, we notice that a 12.5-GHz slot can easily carry 25
Gb/s or even 50 Gb/s capacity with more advanced modulation
schemes, such as QPSK or 8-QAM [2], [3]. Therefore, the
actual bandwidth can be larger than 100 Gb/s for these “small-
bandwidth” requests, if the advanced modulation schemes
are used. Consider that future EONs can carry requests with
various bandwidth requirements, we can see that a network
operator, though can employ defragmentation to reduce the
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fragmentation ratio η, from simulations using Poisson traffic model
and requests for α ∈ [1, 6] slots in a dynamic EON.

blocking probability, should carefully consider the relation
among blocking probability, bandwidth fragmentation, request
bandwidth distribution, modulation schemes, and spectrum
utilization, and then chooses a proper optimization objective.
Moreover, bandwidth fragmentation also exists in the optical
networks that are based on flexible-grid WDM [16] or mixed-
line-rate [17] WDM technologies. With proper modifications
on the model of link spectrum utilization, the method devel-
oped in this work can also be utilized to analyze the bandwidth
fragmentation issues in those networks.

IV. CONCLUSION

In this paper, we have performed theoretical analysis on the
effect of bandwidth fragmentation on the blocking probability
in EONs. Our theoretical model reveals that two factors related
to bandwidth fragmentation have effects on the blocking
probability: 1) the extent that the available SBs on different
links are aligned, and 2) the sizes of the available SBs.
When the bandwidth becomes more fragmented, the first
factor decreases the blocking probability, but the second one
pushes the blocking probability to increase. Their mixed effect
determines the overall trend of how the blocking probability
will change with the fragmentation ratio. Consequently, a
smaller fragmentation ratio may not lead to a lower block-
ing probability in EONs. In order to verify the theoretical
results, we have conducted numerical simulations and the
results exhibit similar trends as predicted by the theoretical
model. Therefore, in employing defragmentation to reduce the
blocking probability, a network operator should consider the
relation among blocking probability, bandwidth fragmentation,
request bandwidth distribution, and spectrum utilization, and
then chooses a proper optimization objective.
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